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This paper presents the development of an analytical formulation for estimating the potential in the soil surface, caused by electric 
current calculated on a grounding conductor through the Transmission Line Modeling Method (TLM). The formulation has great 
significance in its use in conjunction with one-dimensional numerical methods in general manner, which are not able to determine such 
potentials directly. The proposed study is focused on lightning surges and it takes into account the frequency dependence of the soil 
properties. 
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I. INTRODUCTION 

EVERAL numerical methods can be used for the represen-
tation and analysis of grounding systems [1]. Many of such 

methodologies can be implemented in one (1D), two (2D) or 
three (3D) dimensions, as the case of TLM [2]. An approach 
in one-dimension enables the analysis on a single coordinate 
space, either x, y or z. An implementation in two-dimensional 
leads the calculations in a plane and finally, three-dimensional 
methods allow a spatial analysis. 

The choice of a numerical method, as well as its dimension 
to the solution of an electromagnetic problems in general 
manner, should be made based on the requirements of the 
system representation to be analyzed, taking into account its 
accuracy, procedure of implementation and computational 
performance. 

3D methodologies are more versatile and suitable for the 
representation of more elaborate structures, materials with 
different properties, non-homogeneous medium and irregular 
geometries. However, the degree of implementation complexi-
ty and the high computational processing make this approach 
less attractive in comparison with a method in one-dimension, 
for representation and analysis of simple structures, such as 
horizontal or vertical grounding electrodes in homogeneous 
soil.  

On the other hand, a 3D method is able to determine the 
quantities of interest at any point P of a study domain S, as 
illustrated in Fig. 1. Thus, the potential generated at one point 
on the soil surface can be determined directly. To solve this 
problem base on a 1D method, which has its computation 
restricted to a single coordinate, and in the case study on the 
grounding electrode, it becomes necessary to estimate the 
voltages in the space S indirectly. 

 
Fig. 1. Representation of a point P and a conductor C buried in a depth h in a 
tree-dimensional space S. 

II. ANALYTICAL FORMULATION 

Starting from a current I (A) dissipated along a grounding 
electrode with length l (m), buried in homogeneous soil with 
resistivity ρs (Ωm) and considering a correction factor fc, the 
potential in the soil surface V  (V) for an stationary analysis in 
low frequency (60 Hz) can be determined based on (1) [3]. 
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However, in the case of fast phenomena, such a lightning, 
the stationary approach is considered incorrect, being impor-
tant in this case to consider the behavior of the medium as a 
function of frequency. Consequently, a medium should be 
described by the behavior of its conductivity σ and permittivi-
ty ε in a complex representation with frequency dependence 
ω. 

In the formulation, it is assumed that the electrical current I 
at a time t injected into a grounding conductor can also be 
represented in a complex form and that it is uniformly distri-
buted along the symmetry axis of the conductor. Adopting the 
correction factor fc and the propagation constant γ associated 

with the factor rje γ , it is possible estimate the potential 
V(x’’,y’’,z’’)  in a point P on the soil surface, now considering 
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the dependence of soil parameters with the frequency. Starting 
from (1) and based on a mathematical development, it is ob-
tained (2), 
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where: V(x’’,y’’,z’’)  is the voltage (V) in point of coordi-
nates P(x’’,y’’,z’’)  (m); t is the time (s); ω is the angular fre-
quency (rad/s); Ie-jωt is the complex current (A); l is the elec-
trode length (m); εr is the soil relative permittivity; ε0 is the 
vacuum permittivity (F/m); σs is the soil conductivity ([Ωm]-
1); γ is the propagation constant; r is the distance between the 
middle point of conductor C and point P on the soil surface 
(m) and x, y and z are the relative coordinates. 

With this equation, the current I determined on a grounding 
electrode by a method in one-dimension can be used to esti-
mate the potential generated in the soil by means of a numeri-
cal implementation. 

III.  COMPUTATION AND RESULTS 

In order to illustrate the elevation of potential on the soil 
surface, a horizontal electrode buried in homogeneous soil 
parallel to x axis, with length l = 10 m, radius a = 6.5 mm and 
divided in 10 segments (∆x = 1 m) is considered. In this study 
the soil is characterized by its resistivity ρs = 100 Ωm and 
relative permittivity εr = 10. Also a current surge with 10 kA 
(8 x 20) µs applied in the origin of the electrode in a point 
C(x’,y’,z’) = (0,0,-h) with a representative frequency f = 500 
kHz is assumed. Based on (2) it is possible to draw equipoten-
tial curves in the time, as shown in Fig. 2. 

 
Fig. 2. Equipotential curve produced on the soil surface in t = 4.1 µs. 

IV. VALIDATION  

In order to validate the proposed formulation, comparisons 
is made with results from simulations performed in a computa-
tional tool, which presents a solution based on Electromagnet-
ic Model [4]. It is used a conductor horizontally buried in the 

soil with length l = 10 m and depth h = 0.5 m and radius a = 
6.5 mm. 

Fig. 3 illustrates the application of a current surge characte-
rized as a fast wave, represented by the double exponential 
function  I(t) = 11043.33 . (e-79238.91t - e-4001095t). In this simula-
tion, it is used an electrode with the same characteristics pre-
viously presented considering a soil with resistivity ρs = 500 
Ωm and relative permittivity εr = 10. 

 
Fig. 6. Generated potential on the soil surface. Comparison between Elec-
tromagnetic Model and proposed formulation for a fast current surge. 

V. CONCLUSIONS 

In this study is presented an equating to estimate potentials 
generated on the soil surface due to the electrical current dis-
sipation in a grounding conductor. Starting from studies of 
low frequencies and based on a quasi-stationary approxima-
tion and plain waves modeling, the potential on the soil sur-
face can be analytically estimated for fast surge transients. 

Such equating, which was conceived for horizontally buried 
electrodes in one layer homogeneous soil, has shown great 
relevance to the establishment of the referred potentials as 
base in electrical quantities determined in one-dimensional 
numerical methods. The proposed formulation is not restricted 
for use only with the TLM-1D method, having generalist ap-
plicability to other methodologies that are able to estimate the 
electric current on the electrode. 
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